
Dynamical &Parametric
Zalcman Functions :

Similaritybetween the Julia sets
,

the Mandelbrot set
,

a the tricorn

Tomoki Kawahira

( Tokyo Institute of Technology )



Contents
1. Zalcman 's

lemma2
. Dynamical Zalcman

functions
3

. Parametric Zalcman functions

4
.

Intersection in The quadratic family

5
. Similarity between J

,
Ml a IT



IN MEMORY OF TAN LEI

( 1963 - 2016 )



11 Zalcman's Lemma

C CI
,

a domain{ DF: a family of metamorphic functions on D

in any nbd of Zo

Zalcman 's Lemma ( '

73 ) -

F is NOT normal at Zoe D
= -
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Another way To understand :

Feedsat an

FEE
(oI¥÷Ep

Notation unif
.

com . on tcpt subsets in 1C

Aff : the set of complex affine maps

§ U : the set of non . constant metamorphic functions
on CI

F is not normal at Zoe D

⇒
{ T } C Aff T → zo : constant map

⇒

h÷y
coy )

stiffest
.

→ P ⇐ a



£ Dynamical Zalcman Functions ( after Steinmetz )

f : € → £ a rational map of deg .

d 22

Apply Zalcman 's Lemma To F = { f " } new

A * Z . e JCF ) : the Julia set

# 7-
{ T } c Aff : const

.

⇒ simian )stf¥
.FI#unmoeniosoEtWe say $ is a ( dynamical ) Zalcman function of fate

Z ( f
,

Zo ) : the set of all possible ¢ e- U as above
.



When Zo= is e ]Cf ) : F := zofoi ' ( zez )= Yz )

Z ( f ,
is ) : =/ toof e U / ole ZCF

,
o ) }

•
•

fnyh hffation
"§t.ba#th.

¥4 "

Z ( f ) := U ZC f. zo )

8°F
Of

ZOEJCF )

Example Zo : a repelling periodic point in Q of period P

do := Dfpczo)

$ ( w ) := line

fhkfzo
+ Iokw ) : Poincare function

k → to

ofofcw )=$( now )



Invariance
f :@ + £ rational

,

S : At Q complex affine ( Staff )

¢ : Q - TC non .const.
men . ( 4. EU )

⇒fo¢eU&4.de U

=) foU C U &

No
Aff = U

Z ( f ) has better invariance Than U :

Prop ( Steinmetz )

Vzoe Jcf )
,

fozcf
,

to ) = Z ( f. to ) = Z ( f. to)oAff

Hence foZ( f) = Z ( f) = 2- ( f) oaff



$ Parametric Zalcman functions

D C Q : a domain

f) '

'
= { ft }

, ⇐ D
: a holomorphic family of rat

. maps

of fixed degree d 2- 2
.

SCF ) : the set of J . stable parameters
i. e

.
t e Scft ) :# 7-

a nbd
.

U of t s .
t.tt 'eV

ft a ft , are qily conjugate
on Their Julia sets

B ( f ) : =D- SCI ) the bifurcation locus of ft



f

Normality and bifurcation

Fact toeBCA ) #

ftohas an active critical point

DEF A critical pointgo of ft
.

is active

.

7-
ueN

,

⇒
8 > o

,

⇒
of :D → CT mewmnphic

st
. ,

t se D
,

t := to + sso EDitse D , qcs ) is a cnet.pt . of ft
) The family

{ s - ft
"

( qcsi ) )n±o

is NOT normal at 5=0 ( t.to )

Example If = { Z3 - 3 tzttec {qtcjj? '±s
to = 0 et Best )



Apply Zale man 's

Lemma
:

The family { s - ft
"

( qcs ) ) = :

Fn
( s ) )n±o

is Not normal at 5=0 ( t  = to )
7- { Tk 1 c Aff
⇒

{ m . , a µ
/ 't . {

Tk - ° : constant

Fn ... Ti
.

→
⇒

Ee
U

non - Const
. Mero . on Q

We say EeU is a parametric Zalcman function of ft at to

P ( ft
,

to ) : the set of all possible I as above
.

P ( ft ) :=e¥ PCF
.

to )
B C ft )



Invariance

Prop ttoe BCA )
,

ftoo PCF
,

to ) =P( f
,

to ) = PC § to)o Aff

and P ( f ) = P ( f ) o Aff

Rat
a DAFF Question

U
Do 2- ( ft . ) and Ptf

,
to )

ftp.X.tt aiwteraI.lt?ons
?PC f. to )



14 Intersections in the quadratic family

f) : = { f+(z)=E+t)tec
critical points : 80 = 0 & Goth non - active

waft ?
( Super attracting )

to E Btf ) go is an active crit.pt . of ft
.

{ stft"

( o ) }n±
.

is not normal

at 5=0
, where t  = tots

{ th fthco ) ) n , is not normal

at t.to

to e OMI ( Ml :  the Mandelbrot set )



Semi - hyperbolic parameters

to EOMI is semi . hyperbolic

80=0 is not recurrent under fto

and fto has no parabolic cycles .

Example
to : Misiuiewicz ⇒ semi - hyp .

( i.e. qo=o lands on a repelling cycle )
Thm C k )

toe OMI = B ( f ) : semi - hyp .

=)
7-

$ e Zcfto
,

to ) n P ( ft ,
to )

: Ftd



Lemma ( k ) toe OMI semi - hyperbolic
7-

In ,.1cNftp.scdx/st/njaIoo ask.io

&
⇒ $eU

,

7-
Qe Cl

* st
.

( 1 ) $
, .Cw ) := from

'

( to + f. w ) - $ ( w ) in U

(2) II. ( w ) i=

ftp.p.aw
( to + a Rw) - ¢Cw)

Hence $e Zcfto
,

to ) and ¢EP( f. to ).



$ Similarity between J
.

Mla I

Hausdorff distance in E

X .
Y c £ non - empty , Compact

dµ ( X. Y ) :=inf{ e > o | Nec 's ) > X & Necx ) > Y )
Ttf nbd of Y

Thm ( Tan
,

Rivera - Letellier
,

k )
w.tt .  spherical metric

V.
toe OMI

,
semi . hyp .

⇒ { R.
}c¢* with A. → 0

⇒ Q eat
sit

.
for Rfztgpilcz- to ) , n.BE#RilQft

- to )

daRKJCF
. ) )

,
R

, ( MID → 0

ask.in



Idea |ZAJCFT .
) #

⇒
ns.t

.

Iff
( ⇒ / > 2

to MI #
⇒

ns.t
.

Htnco
) I > 2

Take nk.pk .
Q

.
$ as in the Lemma

.

RI
'

( w ) = to tpw et Jcft
. ) for k > > o

.

~

fixed
⇒

New
,

I ftont"
C to + Rw ) I > 2

: Iftp.o/cw)1> 2 ( $eU )
" IftoNtpa@w0ftIkp.awCtotR.Qw ) / > 2

: #Iiioiicoy
> 2

to + PKQW et Ml

#
RI 'Cw ) AM

This roughly explains
"

Ne ( RKCT ) ) > RI ( ml )
"



Tticotn ( Crowe - Hasson - Rippon - Strain . Clark
,

Milnor )
$ : = { 9£ C z ) = E2+t) , ⇐ a

anti . holomorphic GI: hobo
.

IT :={ tec / tn
,19h C o ) 1 £2 }

Rem
.

In R= Mln IR =L . 2
. Ya ]

We say toeatis Misiurewicz if 0 is pre
. repelling

.

Lemma ( with a help by H
.

Inou )to
: Misiurewicz

.

=)
⇒ hnk} ?lpk }

,

⇒
H : �1� → ¢ R . linear

,

I 4 EU

(11 gtnok ( to + a w ) - $ C w ) in U

(2)
ftp.acp.w

,
C to +

Hcpew
) ) → 4 ( w )

HCW ) = QW + Q
'

Wlal
+ 1 @

' Ito



Thm to EOI : Misiuvewicz
7-

Frpk}cQ*
,

H :@ → IC R - linear

Rkcz) :=pI'( z . a)RICH:=pI'±[C z - a)

da ( Rk ( Jcgt . ) )
,

RI ( I )) → o

→ Movies ?
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