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 Dynamics of semigroups of 
transcendental entire functions



G = hf1, f2, . . . i

• For each g 2 G,

F (G) ⇢ F (hgi)
J(hgi) ⇢ J(G)

• The Fatou set is forward invariant

• The Julia set is backward invariant.

A family of transcendental entire functions

{f1, f2, . . . }.

The Fatou set of G is the maximal open subset of C
where the family of G is normal. Denote it by F (G).

The Julia set of G is J(G) = C \ F (G).

• Julia sets may have interior points.



Theorem.(Stankewitz) The Julia set of a semi-

group of entire functions which contains at least one

transcendental entire function is the closure of the

set of repelling fixed points.

Corollary.

J(G) =
[

f2G

J(hfi)



Let U be a component of F (G).

For g 2 G, Ug is a component of F (G) satisfying

g(U) ⇢ Ug.

GU = {g 2 G | Ug = U}

U is a stable domain, if GU 6= ;.

• Baker, if 9{gn} ⇢ GU such that gn ! 1 l.u. on

U .

• (super-)attracting, if U is a subdomain of (super-)

attracting basin of some element of GU .

• Siegel, if U is a subdomain of Siegel disk of some

element of GU .

• parabolic, if U is a subdomain of parabolic basin

of some element of GU .



U ⇢ F (G) is wandering, if #{Ug | g 2 G} = 1.

U is strictly wandering, if Ug = Uh ) g = h.

Theorem.(Hinkkanen and Martin) There exists

an infinitely generated polynomial semigroup which

has wandering domains.

Conjecture.(Hinkkanen and Martin) Let G be

a finitely generated polynomial semigroup. Then G
has no wandering domainss.



S = {f | #sing(f�1) is finite.}

B = {f | sing(f�1
) is bounded.}

Theorem. f 2 S has neither Baker domains nor

wandering domains.

Theorem. For f 2 B, every component of F (hfi)
is simply connected.

Proposition. If G is generated by functions be-

longing to B, then every component of F(G) is simply

connected.

Theorem.(Eremenko and Lyubich) If f 2 B,
then for 8z 2 F (hfi) fn(z) 6! 1.

sing(f�1
) = {critical values of f} [ {asymptotic values of f}



Theorem.(Fagella, Godillon and Jarque)
There are f, g 2 B such that neither F (hfi) nor

F (hgi) has wandering domains and F (hf � gi) has

wandering domains.

Question. Does G = hf, gi have wandering do-

mains?

Theorem.(Bishop) There is a function belonging

to B whose Fatou set contains wandering domains.



Question. Let G be a finitely generated semigroup

of functions belonging to B. Does G have wandering

domains?

Question. Let G be a finitely generated semigroup

of functions belonging to B. Does G have Baker do-

mains?

Question. Let G be a finitely generated semigroup

of functions belonging to S. Does G have Baker do-

mains?

Question. Let G be a finitely generated semigroup

of functions belonging to S. Does G have wandering

domains?



J(hgi) = {0}

0 is a parabolic fixed point of f .

Example. f(z) = ez � 1, g(z) = 2z, G = hf, gi

{z | Re z < 0} ⇢ F (G)

{z | Re z < 0} ⇢ F (hgi)

{z | Re z < 0} ⇢ F (hfi)

f({z | Re z < 0}) ⇢ {z | Re z < 0}

g({z | Re z < 0}) ⇢ {z | Re z < 0}



For n 2 Z,

{x+ 2⇡ni | x � 0} ⇢ J(hfi)
n

x+ 2⇡
n

2m
i

�

�

�

x � 0
o

= g

�m({x+ 2⇡ni | x � 0}) ⇢ J(G)

{z | Re z < 0} = F (G), {z | Re z � 0} = J(G)

{z | Re z � 0} ⇢ J(G)

{z | Re z < 0} is a Baker domain.

{gn}

{gn � f}



Example.

f(z) = ez + k

J(hfi) = J(hfi) + 2⇡i

g(z) = ez + k + 2⇡ni

J(hfi) = J(hgi)



f0(z) = ez + c+ ⇡i, c > 1

f0(z) has an attracting 2-cycle.

↵ < 0 < �

f0(↵+ ⇡i) = � + ⇡i

f0(� + ⇡i) = ↵+ ⇡i

G = h· · · , f�1, f0, f1, · · · i

{↵+ (2n+ 1)⇡i,� + (2n+ 1)⇡i}

fn(z) = ez + c+ (2n+ 1)⇡i

= f0(z) + 2n⇡i

J(hf0i) = J(hfni)

J(G) = J(hf0i) F (G) = F (hf0i)



A is the component of F (G) intersecting the left half-

plane.

Bm is the component of F (G) containing � + (2m+

1)⇡i.

fn(A) = Bn fn(Bm) = A

A is a Baker domain.

Bm is a wandering domain.

• G has wandering domains.

• G has a Baker domain.

{fn+1 � fn(z) = f2
0 (z) + 2(n+ 1)⇡i}



A semigroup G is nearly abelian if there is a compact

family of Möbius transformations � = {�} satisfy-

ing:

(1) �(F (G)) = F (G) for 8� 2 � and

(2) for 8f, g 2 G, 9� 2 � such that f � g = � � g � f .

Theorem. Let G be a nearly abelian transcendental

entire semigroup. Then for each g 2 G, J(G) =
J(hgi).

f1(z) = ez + k = ez + k + 2⇡n1⇡i

fj(z) = ez + k + 2⇡nj⇡i (2  j  m)

hf1, f2, · · · fni is a nearly abelian semigroup.

fs` � fs`�1 � · · · � fs1(z) = f `
1(z) + 2⇡ns`i



a > 1

g1(z) = a

Z z

0
e�w2

dz

g2(z) = �a

Z z

0
e�w2

dz

hg1, g2i is a nearly abelian semigroup.

Question. Does a nearly abelian transcendental

entire semigroup have wandering domains?

Question. What can we say about a nearly abelian

transcendental entire semigroup?


