On formal normal forms of holomorphic germs at
super-saddle fixed points

Shizuo Nakane, Tokyo Polytechnic University



Contents
§1. Polynomial skew products on C”
32. Continuity and discontinuity of fiber Julia sets

33. Implosion arising from saddle connection

(joint with H. Inou)

84. Super-saddle case (work in progress)



§1. Regular polynomial skew products on C?

f(z,w) = (p(2), q(2, w))

= (z —I—E:a]?:7 w? + Z szziwj) (%)

1+9<d, 3<d
fr{z}x@%{p( )} x C.
f preserves the family of fibers {2z} x C.

q.(w) = q(z,w),
fk(z,w) — (pk(z)»le(w)) - = (pk(z)qu)k_l(z) 0--0q(w)).



K, :={z € C;{p"(2) }x>0 is bounded} (filled Julia set)
J, = 0K, (Julia set)

For z € Ky,

K. :={w e C; {Q%(w)}1>0 is bounded},
J. := 0K, (fiber Julia set).



32. Continuity of the map z — J, on K, for Axiom A map

A, := {attracting periodic points of p in C},

A 4, := {saddle periodic points of f in A, x C},

A, := {saddle periodic points of f in J, x C},

W2 (Aa,) ={y € C; f"(y) = Aa,},
W*(Ay,) :={y € C;3 prehistory {y_r} — Ay }.

Theorem 1. Suppose f is Axiom A. Then

z +— J, is continuous on K, <= W?*(As )NW"(A;) = 0.



Example with W2 (A4 ) NW™(A;) # 0

f(zw) = (p(2), ¢:(w)) = (2" + az,w” + 2(b — 2)w),

1 1
lal <1, \b\>§, O<]a—1+by<§.

A, =10}, ar =1(0,0)cAy,.
a_ =(5,0):=(1—a,0)c Ay
We(as) NWH(a-) Dint K, x {0}.
The map f(z,w) = (2%, w* + 2(1 — z)w) is not Axiom A

(cf. M. Jonsson)



W¥(a_), W?(ay) and the K-set in the real slice
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J, for f(z,w) = (22 + 0.1z, w? + 2(1.2 — 2)w).

From left: z = 0.89, 0.899, 0.8999. 3 = 0.9



J, for f(z,w) = (2° + 0.1z,w* + 2(1.2 — 2)w).

From left: z = 0.89, 0.899, 0.8999. 3 = 0.9

This phenomenon looks like parabolic implosion:




3. An implosion arising from saddle connection
)
(joint with H. Inou)

w A
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The base variable z plays the role of parameter.

The fiberwise dynamics drastically changes as z moves
from 5.

This causes the discontinuity of fiber Julia sets at z = 3.

Under some assumptions, we will show:

For a sequence z, € W*(ay) N W¥(&_) tending to 5,
there exist k,, — oo such that the high iterates Ql;::
converge to a “Lavaurs map” g : W9(a_) — W"(ay).

We use linearizing coordinates at saddle fixed points
instead of Fatou coordinates in parabolic implosion.



The family F = F,; of maps f(z,w) = (p(2),q.(w)) of the
form (x), satisfying

(1) p has an attracting fixed point 0, whose immediate
basin Uy contains a repelling fixed point 5 on 0Uj.

(2) ¢-(0) = 0.
(3) ar = (0,0) and oo = (3, 0) are saddle fixed points:

Df(ax) = (Aoi ’ > ,

P+

0 <A <1<|pgls  O<[p-| <1 <[A|



Linearization at saddle fixed points

The linearizing coordinates W4 at a4 :
\Ifiof:Df(Cvi) -\Ifj:, D\Ifi(ai) = Id.

Lemma 1. There exists a subset F' C F of full measure
such that W4 uniquely exist for f € F'.

By uniqueness, it follows that W are skew products :

Vi(z,w) = (¢+(2), ¥+(2,0)) = (¢(2), Y+ 2 (w)),

¢+ op(z) = A1 d+(2),
Vi p(z) ©Qz = P+V+ 2.



Take a sequence z,, in Uy, 2z, — B. Let
Ag = ¢~ ({r <[zl <A _|r}), Ao == o ({4 ]r < |2 < 7))
be fixed fundamental domains of p around 5,0. Then

k! (— 00) such that pFn(z,) € Ag.

We assume

(4) {p*n(2,)} is compact in Uy.

(5) There exist k/ > k/ such that p*=(z,) € Ay.

(6) ¢.(0) = 0 implies g7/ (0) # 0 for z € U.

(7) qpi()(0) = 0 implies ¢ ; ,(0) # 0 for j # i,z € Up.



Decomposition of Q];Z
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By the assumption (4) on {pk%(zn)} the family of maps

- IS normal.
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in the linearizing coordinates

k _k// /
= Ky pmw)

1
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By the assumptions (6) and (7), the third term is negligible.
(6) and (7) hold if d = 2.



Convegence to Lavaurs maps

Theorem 2. 1) Suppose that

Q)

Q% M y(o)

If a sequence {k,} satisfies (Q%»)"(0) — o # 0, then

Zn
kn — ¢_1 O o Y
Zn gO’ T —|—,O ma _7ﬁ7

locally uniformly in W#(«a_), where mq(w) := ow.



2) Next suppose that

(9‘2&:;% )
(@7, )(0)

”(Zn)

Is bounded from below.

If a sequence {k, (> k!')} satisfies

(QF)(0) = o, (Q*)"(0) = 7 #0, then

‘2: — On = w;lo ono_ g, locally uniformly in W?*(a_).

Here
n(w) = ow +1w?, 7=7+ (] ((0)0? =Y. 5(0)0)/2.



Lavaurs maps and fiber Julia-Lavaurs sets

We call g = g, or g, : W?(a_) = W"(a) a Lavaurs
map. Since

Wéa_)={8} xint Kg and W*(a;)={0} xC
are disjoint, we cannot define the composition g* of g.

K(g) =Kz \g " (C\ Ko),
J(g) == g1 (Jo) (fiber Julia-Lavaurs set).

It holds that
Js € J(g) = 0K(g).



Fiber Julia sets accumulate fiber Julia-Lavaurs sets

Theorem 3. Suppose that the assumptions in Theorem 2
hold, hence ngg — g in W?(a_). We also assume that qq
Is hyperbolic. Then,

0K, ,K(g)) — 0, d(J(g),J., ) — 0.

If, in addition, int Kg = W?(a_), then, with respect to the
Hausdorff distance,

K, — K(g), g, — J(9).

This explains the discontinuity of fiber Julia sets at z = 3.



Topology of fiber Julia-Lavaurs sets
flz,w) = (2 + 0.1z, w? + 2(1.25 — 2)w), g =g, 0 € R.
g~ 1(Jo) consists of countably many arcs.

J(g) = Jg U g1 (Jy) is connected and locally connected.




84. Super-saddle : Spec(Df(a)) = {0, u}, |u| > 1
# : holomorphic germ (C?,0) — (C>,0).

C(f) : critical set of f and generalaized critical set :

ce(f) =) e =Jeum).

n>0 n>0
f s rigid if
(a) C*°(f) has normal crossings, i.e., by a local coordinate,

C(f) =0, or {z =0}, or {zw =0}

(b) F(C=(f)) CC=(f).



Formal normal forms of rigid germs

Favre classified attracting rigid germs and gave formal
normal forms.

He showed formal classification coincides with analytic one
In most cases.

Ruggiero extends his results to semi-superattracting rigid
germs : (Spec(D f(a)) = {0, uf, p # 0),
He showed that, if |A| > 1,

f(z,w) = (Az, zw(l + w)) ~formal fo(z,w) = (Az, zw),

but the formal conjugacy diverge.



In case a = (0,0) is a super-saddle: A\, =p'(0) =0
We may assume p(z) = 2™ with m > 2.

f is rigid at a, since C*°(f) = {z = 0}.

By Ruggiero :

f is formally conjugate to the germ fy(z,w) = (2™, prw).

It turns out that, in most cases, the formal conjugacies
diverge.



Divergence of formal conjugacies

f(va) — (vaq(sz))a m 2 2,

where ¢ is a polynomial of w whose coefficients are
holomorphic at z = 0.

— Y g(w)z', go(w) = pw + O(w?), |u| > 1.

1 >0

®o : the inverse of the linearizing coordinate of gy at O :

qo © ¢o(w) = do(uw), ¢u(0) =

It extends to C by the functional relation :

w

Po(w) = qq © ¢O(ﬁ)'



Theorem 4. Suppose that there exists wg € C such that
(1) go(¢o(wo)) =0,
(ii) g1(Po(wo)) # 0.

Then formal conjugacy ®(z,w) = (z,¢(z,w)) of f to fo is
not holomorphic at the origin.

The assumption (i) holds if and only if

qo Paf fine r(w) = (w + 1)d — 1, for any d > 2.



In fact, for any neighborhood U of 0 € J,,,

$0(C) = | ¢o(u"-U) = | ] 46 (00 (U)) = C\ E(qo),

n>0 n>0

where £(qg) is the set of exceptional points of qq.

qo 7éaffi'n,e r <— g(QO) — {OO}
<— ¢o(C) =C
<— Jwgy € C, s.t. (i).

If go(w) = (w+ 1)% — 1, then ¢g(w) = ¥ — 1 and

Q6(¢0(w)) — deld—Dw £ 0.



Proof of Theorem 4

Formal conjugacy: fo® = ®o fo, folz,w) = (2™, pw).

We may assume ®(z, w) = (2, ¢(z,w)). Then ¢ satisfies
(2, 0(z,w)) = G(2™, pw).

Put ¢(z,w) = D, ¢i(w)2", then

q(z, d(z,w)) = D550 Gi(Po + D5, $527)7°

= qo(¢0) + qo(P0) D551 0527 + -+

(01(00) + a1 (60) Xjsy 6527+ ) 2+

and ¢(2™, Aw) = 7.5 dj(Aw)z™.




qo(Po(w)) = go(pw),
qo(Po)P1(w) + g1 (o) = 0,

4o (00)Pm (W) + F(d0, -+ s dm—1) = ¢1(pw).



q0(Po(w))’
¢1(Mw) Fm(¢07"' 7¢m—1)
a6 (Po(w)) a6 (Po(w))
q1(¢o(pw)) Fo (90, dm—1)
qo(Po(w))qy(do(pw)) a6 (Po(w)) |
C]1(€b0(ukw)) ka(¢0,¢1,'“ 7¢mk—1)

(Po(pw)) [15=5 ab(do(w))



By the assumptions, it follows that,
wo

> (.
11k

for any k, ¢, has a pole at w =

Thus ¢ cannot be holomorphic at the origin.



Convergence of formal conjugacies

d
o) = (" 1= 14 303 ')
7=0 >

Theorem 5. Assume d < m. Then, there exists a

holomorphic conjugacy ® of f to fy(z,w) = (2™,dw) at
the origin.

As a corollary, Theorems 2 and 3 hold for
f(z,w) = (2%, w* +2(1 = bz)w),

with appropriate b.



In case o = (3,0) is a super-saddle: y_ = g5(0) =0

Put gg(w) = h(w)w™, h(0) # 0, m > 2. Then

qz(w) = h(w)w™ + Z bi i(z — B) w?.

1,2>1,0+75<d
Lemma 2. Suppose by 1 # 0. Then
3 a critical point ¢(z) of q, s.t. ¢(z) < (z — B)Y/(m~1),
Aer(2) € (QF) ek () st ex(2) < (2 — B)Y/™ (m=D

for any k > 1 and for z close to 5.



Proof. The root ¢(z) of the equation :

~

¢ (w) = h(w)w™ ' +by1(z — B)(1+ Oz — B,w)) =0
with the property c¢() = 0 satisfies ¢(z) =< (z — B)/(m—1).
The estimate for ci(z) follows from :
Q% (w) = Q5(w) + H(z,w)(z — fluw
= hy(w w™ 4 H(z,w)(z — B)w,

)
e(p*(2)) = ("(2) = B)/" 71 = (2 = )M,

Corollary 1. Ifb; 1 # 0, f is not rigid at (/3,0).



Take a sequence z,, € Uy tending to (.

Theorem 6. Suppose by 1 # 0. For any sequence k,, — 00,

ifQ’;Z — g, then g = 0.

Proof. If Q%» — g, then (Q%) — ¢'.

By Lemma 2, arbitrarily many zeros {ci(z,) }x<k, of
(Q%) merge into 0.

Thus ¢ =0, hence g(w) = g(0) = 0.




It also happens that

J. = J(g) =g (Jo) =W?(a_) as z—=p.



It also happens that

J. = J(g) =9 (Jo) =W?(a-) as z—p.

J, for f(z,w) = (2% + 0.1z, w* + 2(0.9 — 2)w).

From left: z = 0.88, 0.899, 0.899999999. 0.9 (= 5)
This is the case : J, - Kz = W3 (a_).




. 3

f <, W) = ; = :
g(w) = (w+1)% -1,
_ .3 3 o
¢ (w) = w ﬁw has two super-attracting fixed points

0 and v/2i.



37

flz,w) = (23,w3 — Esz +3(1 — 2)(w + Dw).

g(w) = (w+1)% -1,

g1 (w) = w’® — %uﬂ has two super-attracting fixed points
0 and v/2i.

From left: z = 0.98, 0.999, 0.99999, 0.9999999999



