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© The potential gy, of the activity measure pi 7, on D*
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A degenerating meromorphic family of rational functions
Fix an integer d > 1, and
- f:D* x P! — P, or informally (f;):ep+, is a holomorphic family of

rational functions of degree d parametrized by D*, but more specifically,

- suppose that fi(z) € O(D)[t71](2), i.e.
o

B Z?:o bj(t)2’
ft( ) - ZZZO ak(t)zka

(multiplying both denominator and numerator in O(D)[t~1]* is
ambiguity of representation),
® and that for each t € D*, f; is a rational function/C on P! of degree d.

ai(t),3b;(t) € O(D),

Then 3a finite subset H C P!, 3¢ € C(z) of deg¢ € {0, 1,...,d},
limf; =¢ onP'\ H
t—0

locally uniformly. For simplicity, we say ¢ is a degenerating limit of the
family f.



A (holomorphically) marked point in P!

In addition to the family f,

- a is a marked point in P! (holomorphically) parametrized by D*, but
more specifically,

- suppose that a(t) € O(D)[t"!], so we can write as
_ a(?)
do(t)’

(again, multiplying both denominator and numerator in O(D)[t~1]* is
ambiguity of representation).

Jao(t), Jan(t) € O(D)



The escaping rate function and the activity current associated
to (f,a)

Taking the family of homogeneous polynomial maps

fi(20, 21) (Zak zl,Zb dj]):(CQ—HC2

(a lift of f), there is the locally uniform limit

C(t.p) = Tm log |l onD* x (€7 {0))
(|| - ||l any norm on C?). Taking also the holomorphic map
a(t) = (ao(t),as(t)) : D* — C*\ {0}
(a lift of @), we obtain the escape rate function
t— Gg(t,a(t)) onD*

associated to (f,a), which is a continuous and subharmonic function on D*.




Theorem 1.1 (DeMarco)

For every f,a as the above, there is a constant o = g such that

9ralt) = G(t,a(t) + o - log(|t| ™) = o(log [¢])
ast — 0. (%)

(ambiguity of g4 is exactly to add a function harmonic on D* and bounded
aroundt = 0.)

The activity measure associated to (f,a) is
ffa = ddiGs(t,a(t))(= dd°gya) onD*
(supp fif,, = the activity locus associated to (f, a) in McMullen’s sense).

We are interested in (the rationality of a and) the continuous extendability
of g7 4 across t = 0.



A special case: the Lyapunov exponent function associated to f

Taking a finite and possibly ramified holomorphic self-covering 7 of the
parameter space D* if necessary, there are 2d — 2 marked points
c1,---,Cq_2 € O(D)[s] such that for Vs € D*, ¢1(s), ..., caq_o(s) are all
the critical points of fr (), taking into account their multiplicities.

DeMarco defined the bifurcation measure (current) associated to f as

2d—2
Ty := 7T*<Z ,Ufﬁ(_),cj) on D*,

Jj=1

which is independent of the choice of the covering 7.
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The Lyapunov exponent function

t— L(fy) = /1 log | D fi|rprdpy, on D
P

(foreach t € C*, py, is the unique maximal entropy measure of f; on Pl is
a potential of the bifurcation measure T: indeed and moreover,

2d—2
L(f;) = —logd + Z G(t,¢;(t) — zlog ‘Res <f'>‘ (DeMarco’s formula)
j=1

=nlog(|t|™!) + o(log [t|) ast — 0 ™)

for some constant 7 > 0 (det DF = sz 2 A j))-

Again, we are interested in (the rationality of = 7; and) the continuous
extendability of the function t — L(f;) — nlog(|t|~!) across t = 0.



An example of the continuous extendability

Set M := (the Mandelbrot set) and

M, (t) :=the Green function of M with pole co

=log |t| + (3harmonic function on P! \ {|z| < 3R}) around oc.

When ft(Z) = 22+t land C(t) = 0 (¢ € D), then we have

1 _ 1 _ "
9re(t) = 50me0(t™) = S logt[™" on D",
s0 g7 extends harmonically, so continuously, around ¢ = 0.

Also, by the Manning-Przytycki formula,

1
L(f)) =logd + gmec(t™!) onD*,

so that n = 3 and that L(f;) — 3 log |t|~! = logd + gy..(t) also extends

harmonically, so continuously, around ¢ = 0.
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@® The discontinuity of gs , across the puncture ¢t = 0 (with Laura DeMarco)
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The continuity of g;, acrosst = 0
DeMarco also wrote gy, as

n—00 dn

g7.alt) =G;(t, (1)) + 3 (lim min;e (0,1} Ordt:O(f{L)j(d(t») log [¢]!

—tim - (1og 177 @)+ min orda(72)s(a0) ) ol )
on D*, where ordy— is the zeros order at t = 0, and f7* =: ((f/)o, (f*)1) for
Vn € N, and asked when the latter convergence can be locally uniform on .
Correspondingly, Charles Favre conjectured that the function
t — L(fi) — nslog|t|~! would extend across t = 0 (even in higher
dimension).

For families of polynomials, the answer is YES:

Theorem 2.1 (Favre—Gauthier)
When f € O(D)[t~Y][z] and a € O(D), gy, extends continuously to D.

Well ..., for f € O(D)[t~!](2) (and a € O(D)[t~1]), the situation is different.
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Cooking a discontinuous gy,
Prepare
- arational function ¢(z) € C(z) of degree > 0, and

« a point ag € C neither periodic nor preperiodic under ¢ and satisfying

( N {¢"(a0) :n > N}) N {¢"(a0) : n € NU{0}} # 0.

NeN
Find
- apointh € (mNeN {¢"(ag) : n > N}) \ {¢"(ap) :n e NU{0}} and

- asequence (n;) in N tending to co as j — oo

such that the sequence (¢™ (ag)); tends to h very quickly as j — oo.

Pick
« € > 0 so that ¢ has neither zeros nor polesin {z: 0 < |z — h| < €} and
«meN.

(the ingredients have 6 items)
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Define

z—h+et™

L cOM)[t7Y(2) of degree deg ¢ + 1,
z—h —et™

fi(2) = ¢(2) -

and pick Va € O(D) satisfying a(0) = ay.
Then 3C = Cy, € R such that

limsup gsq(t) < C+ 1, log[¢"7 (ao), h]

f .
50 — 2 (degqb + 1)nj+1 or v,] eN

([z,w]: the chordal metric on P! normalized as [0, 0o] = 1).
We can always choose h and (n;) so that

log[¢"i (ap), h]
j—oo (deg ¢+ 1)t

= —0OQ.

Consequently, using this recipe, we cooked up

Theorem 1 (DeMarco-Ok)

There are f and a such that lim;_q g7.,(t) = —o0.



A few applications of our recipe

© Fix0 € R\ Q, set ¢(z) = €™z and ag = 1, and pick h, (n;), €, and
m = 1 as the above.
The obtained family f € O(D)[t~!](2) is of degree 1 + 1 = 2, and for
any marked point a € O(D) satisfying a(0) = ag = 1, we have
limy—0 gf,4(t) = —00.

® Fix 0 € R\ Q and an integer d> 2, and set

62i7r0 _ (d _ 1)

_ 2im0 _  \d—1 _
d(z) = e (z — ao) and ag @

Then ¢ has an irrationally indifferent fixed point having the multiplier
%™ and the unique critical point ag in C, so satisfy the assumption
(by Mané’s theorem), and pick h, (n;), €, and m = 1 as the above.
The obtained family f € O(D)[t!](z) is of degree

(d—1)+1=d > 2, and the constant mapping c(t) = ag is a marked
critical point of f. We have lim;_,o gf,.(t) = —oo.
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© Fix 0 € NyenyUpsyi0 € R: 1, 2] < e=(n=1)2"1\ Q, and set
z—h — et?
z2—h+et?’

This family f is of degree 1 4+ 1 = 2, and has two marked critical points

ct+ € O(D) (and ¢4 (0) = 1 = h) and two marked critical values
vi(t) == filcs(t)) € O(D), and in fact v4(0) = ¢(c(0)) = 2.

¢(z) =¥z, h=1, e=1, and fi(2) = ¢(2)

We can fix (n;) in N tending to oo as j — oo such that for Vj € N,
[¢nj—1(€2i7r6)’ h] _ [LeQz‘njrrG] < 6_(nj_1)2nj.
Applying our recipe to ¢, ag := %™ h, and (n;), we have
im gy, (t) = —oo,

and on the other hand, we also have

1

fex = 59f vz (t) onD*.

Hence limy; 0 g, (t) = —o0.



Recall that, by the DeMarco formula,

2d—2
L(fi) — nplog|t| ™" = ng,cj on D,

and by (%), g7, always extends subharmonically to ID, so bounded from
above around t = 0.

® Hence in the 2nd and the 3rd items, for the families f made by our
recipe, we also have

lim(L(f;) — ny log 1) = oo,



Remark 2.1

The proof of Theorem 1 (finding the discontinuity of g¢ ,) is based on
DeMarco’s iteration formula applied to the degenerate homogeneous
polynomial lift fo : C2 — C2 (under the assumption that deg ¢ > 0) and on
the Baire category theorem for finding h from ag satisfying the assumption.
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For the bifurcation and activity currents associated to a holomorphic family
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Dujardin—Favre (2008). Berteloot’s survey is also useful.

For a degenerating meromorphic family, see DeMarco (2005).
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Thank you very much for paying your attention!
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