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§.1 Introduction

1-dim

Let p be a holo germ with a super-attracting
fixed point at the origin,

p(z) = 2° +0(z"1),

where 6 > 2, and let py(z) = 2°.

Theorem 1 (Bottcher, 1904). .
There is a conformal germ ¢ defined near the
origin, that conjugates p to py.
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In fact, ¢(z) = limy—e00 °\/P"(z). In other words,

| ¢ = limy 00 pa” o p"

Bottcher coordinate for p




2-dim

Can we generalize Bottcher's theorem in dim 1
to dim 27 (Is a super-attr holo germ conjugate
to a normal form on a neighborhood?)

Yes for some specific germs or maps
[Ushiki, 1992], [Ueda, 1993], [Favre, 2000],
[Buff, Epstein and Koch, 2012]

NoO in general ([Hubbard and Papadopol, 1994])

Let f(z,w) = (z%,w? 4 cz?) and fy(z, w) = (28, 702).
Is f conjugates to fy on a nbd of the origin?
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The orbit of the crit set is a obstruction.
3



Rigid germs ([Favre, 2000])
Favre classified 2-dim attracting rigid germs.

Let f:(C%0) — (C%0) be a holo germ,
Cy the crit set of f, and CP = Uuxof "(Cy).

We say that f is rigid if

(i) C¥ C {zw =0} in some coord, and

(if) C¥ is forward f-invariant.

Rigidification ([Favre and Jonsson, 2007])

Any 2-dim super-attr holo germ f can be blown-up to a
rigid holo germ with a fixed point at infinity.
Therefore, f is conjugate to a normal form on an open

set whose closure contains the super-attr fixed pt.
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Example

Let fe(z,w) = (2%, w? +cz?) and fy(z, w) = (22, w?).
Then f. is conjugate to f; on an open set
U= {|z| <rlw|,|w| <r} for small r > 0,

because f; is semiconjugate to the poly prod-
uct fe(z,w) = (22, w? +c¢) by n(z,w) = (z,zw).
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The dyn of f. is determined by the dyn of w —
w? + ¢, which depends on the parameter c.



Theorem ([Favre and Jonsson, 2007])

Any 2-dim super-attr holo germ f is conjugate
to a normal form on an open set whose closure
contains the super-attr fixed pt.

Theorem

Any holo skew product with a super-attracting
fixed point is conjugate to a monomial map on
an invariant open set whose closure contains
the super-attr fixed pt.



§.2 Results

Skew product;

Let f be a holo skew product with a super-
attracting fixed point at the origin (f(0) = (0)
and the eigenvalues of Df(0) are both 0):

p(z) =2° + O(z° 1)), 6 > 2
q(z,w) = Cz + X Ci]-ziwf
L,j20;, i+4i>2

Let us denote q(z,w) = ¥ C;;z'w/ for short.
Question: f ~ (z°,??) on ??

The dominant term of pis z°. Thereisa "“dom-
inant” term C,;z7w? of g determined by the
degree 6 of p and the Newton polygon of q.
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We may assume p(z) = z°:
fz,w) = (2, Cvdﬂwd + Y Gz'w)
(L)) #(v.d)
Let fo(z, w) = (2°, C7d27wd).
Theorem 2.Ifd > 2, orifd=1 and é # Ty for

any k, then 3 biholo map ¢ defined on U that
conjugates f to fy, where

U = {|z|"1%2 < r2jw], |w| < r|z|}

for some 0 <1y <oo, 0< Iy <00, and r > 0.
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We can construct ¢ as the same as 1-dim:

f c[)_z limn_>oof0_” oufilt

Bottcher coordinate for f on U



Shape of U = {|z|/'"t2 < r2|w|, |w| < r|z|11}
Note that if I, = o0, then I;1 =0 and so |z|'t: < r:|w|

= |z"E Y < rlw) = 2] < rw]® = 2] < 7.

w
(i) If L =0=1,1, then o]
U={|z| <7 |w| <r}. ﬁ{ﬁz
o 'S
(i) If I; #£0=1;", then [ ®
U= {lz] <r |w| <rlz|h}. /‘/ .
v
(iii) If Iy = 0 # 1,1, then v 1 @
U = {|z|2 < r2|w|, |w| < r}. )
L14L, )
(iv) If [{ £0 # 12_1, then @)

U= {r~2z|h*2 < |w| < r|z|1}.



Newton polygon N(g) of g

Let g(z,w) = L Cijz'wl. We define N(q) as the
convex hull of the union of D(i, ) with C;; # 0,
where D(i,j) = {(x,y) : x > i,y > j}.

If q(z, w) = z°w + 10zw® — 523w?, then N(g) is ...
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(2,1) (2,1)
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Let (nq,mq), (np,my), ---,(ns,ms) be the vertices
of the Newton polygon of g, where
nm <np<---<mngandmy>my>--->msg.

Let Ty be the y-intercept of the line L, passing

the vertices (ny,my) and (np,q,mpq) for each
1<k<s-1.

N 1)

(W54, WM44)
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Case (i)|If s=1, then N(g) = D(v,4d).
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Ifs=1and d> 2, then

flz,w) = (2°(1+0(1)), 27w (1 + 0(1)))

and the result is classical.
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Assume that s > 1.

Case (ii)|If 6§ < T,_q, then

(’Y/d) - (nS/mS)r l] T % and 12_1 — O

Case (iii) | If T; < 6, then
(’y,d) = (nl,ml), 11 =0 and lz ==

nyp—Mq
mi—my-

Case (iv) |If i <6 < Ty_q for2 <k <s-—1, then
(7,d) = (ngymy), Iy = 2L and [y 1y = kL%
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§.3 Idea of Proof: blow-ups

Let d > 2 and CW:I.
Assume that [ € N and 12_1 € IN.

Case (ii)| Let 6 < Ts;_1, (7,d) = (ns, ms)
Hs—Hs_1
Mg_1—Ms"

andl:11:

Lemma 1. For any (i,j) such that Cij =0,

< y+1ld<i+lj |

Proof. These numbers I§, v+ 1d and i+ 1j are
the x-intercepts of the lines of sloop I passing
the points (0,6), (v,d) and (i,}). []

~
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By Lemma 1, I <y +1d <i+]j.

Blow-up (Case (ii))
Let m1(z,¢) = (z,2¢) and f = 7'(1_1 o form. Then
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L (z‘5, LY H1d—16 d {1 _I_Zcijz(i+lj)—(7-l—ld)cj—d})

= (25’ Z’)/—l-ld~l5cd {1 +0(1)}) .
Because f is in case (i),
3¢ for f on a nbd = 3F¢ for f on U.
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Newton polygon (Case (ii))

Recall that g(z,w) = z7w? + ZC,-]-ziwj and

C](Z,ZZC)/]?(Z)I — Z’Y-I—ld—l(scd e Zcijzi+lj_lécj'

Y=v+I1d—15and i=i+1j—16. Then

(O-(9-690-¢)
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Remark (Case (ii))

Even if I; is a rational number, a similar state-
ment holds (and we obtain the result).

Let 71(z,¢) = (z7,2z%) and f = 71’;1 o form,
where s/r =1;. Then

e = (plrrr, 220)

. (25, LY sd—sd .d {1+ZCijz(ri+sj)—(r"y+sd)cj—d})

- (2(5, Zr’)/—l-sd—SJCd {1 _|_0(1)}.) .

Formally, mrq is the comp of (z",¢) and (z,zs/rc).
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Case (iii)| Let T; <4,
(v,d) = (n,m1) and I = I;+ = 212,

Lemma 2. For any (i,j) such that C;; # 0,

ly+d<li+j and ly+d<$é

Proof. These numbers 6, Iy +d and li+j are
the x-intercepts of the lines of sloop I passing

the points (0,6), (v,d) and (i,j). []
A
Jguz_
&l (L)
e
: Yy, a: = 1 1
T = bvad | (M\(n'l
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By Lemma 2, Iy +d <Ili+jand ly+d <.

Blow-up (Case (iii))

Let 75(c, w) = (cw!, w) and f = nz_lofo 5. Then

Y, w
;’k h \/\o lO

/
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q(cwl’w) — Tplrtd {1 + Zcijci—'yw(li—l—j)—(l'y—l-d)}

= """+ o(1)} ~ "7 and so

[
Fle,w0) = ( pler ) q(cw%w))

q(cwl,w)l'

S (C(S-l’ywl{d—(l’y+d)}, val’H—d).
Because of the form of f,
3¢ for f on a nbd = F¢ for f on U
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Newton polygon (Case (iii))

Recall that g(z,w) = ZdeqLZCi]-ziwj and

g(cw!, w) = w7t 4 ZCijciwli+j.

Let d=Iy+d and j=1i+j. Then

(7)=(2) =G )

B d’ . 7
i(c,w) := g(cw', w) = Tw? + )i Corc'
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Case (iv) | Let T <6 < Ty_q, (v,4) = (ng, my),

_ Mg—Mgq _ Mgy
e mghondih iz M=y

Combining cases (ii) and (iii),
we can solve case (iv).

Let mm1(z,¢) = (z,2¢) and my(t,¢) = (tclz_ 2

W C C
A 14 j A
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e f is holo, super-attr, skew on a nbd.
Moreover, it is in case (iii).

e f> is holo, super-attr, rigid on a nbd.
3 on a nbd = 3I$; = Jp on U
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Newton polygon (Case (iv))

* g(z,w) = 27w + ZCi]-ziwj
* §1(z,¢) :=q(z,2M1¢) /p(z)h = 274 + ZCi]-zicj

()= () =6 1) 0)- (5)

* Q) = gt

(z’
]

) = t705+ ZCijt;cf

_ 1 oL ey (i
I+ B\
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§4 Dyn on the complement

Dyn of f on U « Dyn of f
Dyn of f on a nbd\ U f~"(U) «+ 77

For case (iii), we use m; instead of mp. Then f
is well-def, and dyn should be well understand-
able; dyn of f should be dominated by dyn of
f on the c-axis.

Wfr\ | \ /*\E holo

R R
PO =%(0,w)
Gt > 2 - 2

Lilov, K. Fatou Theory in Two Dimensions,
PhD thesis, University of Michigan (2004).
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