
Bdttcher coord i nates for
holomorphic skew products

Kohei Ueno
(Daido U niversity, Ja pan)

RIMS Workshop
December 14, 2OL7

1



S.1 Introduction

Let p be a holo germ with a super-attracting
f ixed point at the orig in ,

P(z)- ,6 + 0(16*'),

Theorem 1 (B6ttche r, 1,904).
There is a conformal germ q defined near the
orig in , that conj ug afes p to po.

z$

In other words,

Bottcher coordinate for p
2

′
4(Z).



Can we generalize Bdttcher's theorem in dim 1

to dim 2? (Is a super-attr holo germ conjugate
to a normal form on a neighborhood?)

Yes for some specific germs or maps
[Ush iki , L9921 , [Ueda, 1993] , [Favre , 2OOO] ,

[B uft, E pstein a nd Koch , 2OL2)

No in general (tHubbard and papadopot, 19g4))
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Is f conj ugates to fo on a nbd of the origin?
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is a obstruction.
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Rigid germs (truvre, 2oool )

Favre classified 2-dim attracting rigid germs.

Let f : (C',0) + (C',0) be a holo germ,

We say that f is rigid if
(i) Cf c {r* - 0} in some coord, and

(ii) Cf is forward f -invaria nt.

Rigidification (truvre and Jonsson, 2oorl)

Any 2-dim super-attr holo germ f can be blown-up to a

rigid holo germ with a fixed point at infinity.
Therefore, f is conjugate to a normal form on an open
set whose closure contains the super-attr fixed pt.
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Example

Let f ,(r,w) - (r2,w2 + czz) a nd foQ,w) - (r2,*2) .

Then f , is conj ugate to fo on a n open set

because f, is semiconjugate to the poly prod-
uCtん

(z′
")=(Z2′

ω2+θ)by π(Z′ ")=(Zノ
Z")・

■
一

The dyn of f, is determined by the dyn of w +

人
ｔ

wz * c, Which depends on the parameter c.
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Theorem (truvre and Jonsson, 2OOTI)

Any 2-di m super-attr holo germ f is conjugate
to a normal form on an open set whose closure
contains the super-attr fixed pt.

Theorem
Any holo skew product with a super-attracting
fixed point is conjugate to a monomial map on
an invariant open set whose closure contains
the super-attr fixed pt.
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S.2 Results

Skew product:

/(Z′ Zυ )== (′ (Z)′ 7(Zノ
"))

Let f be a holo skew product with a super-

a nd the eigenva lues of D f (0) are both 0) :

q(z,w)- Cz * L cヴzZ"ノ

i,j>o,i+j>2

Let us denote 7(z′
")=Σ

CプノZZ"ノ for short.

Question . f A./ (16,??) on ??

The dominant term of p is 25. There is a "dom-
ina nt" term CrazT wd of q determ ined by the
degree 6 of p and the Newton polygon of q.



C'ノZZ7χノノ
)

(j′ノ)≠ (γ′′)

Let/0(Z′
")=(Zδ

′CγグZγ
"グ

)ロ

丁heorem 2。 」Fグ ≧2′ Or FFグ =l and δ≠磯 fOr

anyた′ 古わen∃ わFわ 0ノO maρ φ deFlined ορ lり 古わa古

Cοttνgattes/古0/0′ wわ ere

U={IZIJl+72<ノ 21"|′
|"|<rlZI11}

for some O≦ Jl<∞′0<J2≦ ∞′and γ>0.

we can construct A as the same as 1-dim:

Bdttcher coordinate for f on U
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Note that if r2=∞ ,then 12~1=O and so lZI11+12<γ 121"|

⇒ IZI妨
1+1<γ

lω lけ

1⇒
IZ10+1<γ l"10⇒ IZI<γ .

ω

(ii) rf \+o- t;r, then

U={IZI<r′ lω l<γ lZ111).

U={IZI12<ノ21ω
l′ |"|<γ }ロ

(iv) If \+0 *t;', then

u={γ~121zl11+J2<|"|<rlZIJl}.
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Newton polygon lV(q) of q

Let 7(z′ ω)=Σ C′ノZZω
ノロwe define

convex hu‖ of the union of D(′ノノ)

where D(ブ′ノ)={(χ′ン):χ ≧J′ ノ≧ノ}・

N(7)as
with Cヴ

the

≠0,
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Let (nt, ffit ) , (nz,*z) , . . , (?ts, *r) be the vertices
of the Newton polygon of q,where

Let Tp be the y-intercept
the vertices (rrc,mt) and

&

of the Iine Lp passing

(nt+t,mrc+t) for each

/v l$)

r  ll
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Case (i)

t"5
ovl A

Cou 6- to

ntA

t

If s==l andグ

(rd (t * o(1)),rr*d 0
is classica l.
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If δ≦ Ts_1,then

Case (iii) If Tl ≦δr then

11==O and 12==潟
争
=を

百
ロ

Case (iv) If及 ≦δ≦磯_l fOr 2≦ た≦s-1,then

(γ ′グ )== (4たノlmた )「
Jl=勇

争≡讐彰希
and 11+‐ J2=勇

争暑看苦≒

Case ヽ
ｌ
ノ

／
１
ヽ

(γ′グ)=(41′ Zl),

ど

b ( iii)
G`aこ 術)

こtり )← t n,, vvt, )

T6■

ゝ ´

とヽ1)

とηしく′‖口,

(vtr,utr)
(l\V*r, }lyt t *, )

Lt r,unr)

●
レ
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Case ヽ
ｌ
ノ

／
１
ヽ

and J=Jl

Lemma

S.3 Idea of Proof: blow-ups

Assume that \ € h{ and l;'€ N.

Let δ≦Ts_1,(γ′グ)=(4s′ Zs)

_ ηs-4s_1
Zs-1~msロ

■.For any(′′ノ)Sυ Cわ 古わatt C〃 ≠0′

Jδ ≦γ+Jグ ≦′+Jノ

ProOえ 丁hese numbers lδ ,γ +J′ and′ +Jノ are
the x― intercepts of the lines of sloop r passing

the points (0′ δ
)「 (つリグ)a rld (プノノ)・

              Eコ

い■よ
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and f - nll o f o ft1. Then

ho [o

\t^yLV - 0$V

r^l5tA

g[ed Y*/

Blow-up (Case (ii))

Let

il
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↑

- (ru, z7*td-t6cd {r + L cijz(i+ti)-0+td);-r})
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Newton polygon (Case (ii))

Recall that 7(z′ ω)=Zγツグ十ΣC〃 Z′ωノand

q(z,rt,) / p(r)t - zTttd-td cd + f ,,ir'*ti-t6 ri .

Let γ=γ +Jグ ーJδ and′ =′ 十Jノ ーJδ・丁hen

:=7(Z′ ZIC)/ρ (Z)J

γ≦′′グ≦ノand N(7)=D(γ′グ)。
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＜
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Remark (Case (ii))

Even if \ isa rational number, a similarstate-
ment holds (and we obtain the result).

° π l,

、
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Formally,πlis the comp of(zγ′C)and(Z′ ZSルε).
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⊂aSe(:i:) Let Tl≦ δロ

(γ′グ)=(41′ Zl)and I=Jダ 1=71~m2.

Lemma 2.For any(′′ノ)Sucゎ 古わatt Cヴ ≠o′

Jγ +グ ≦J′ 十ノ and Jγ +グ ≦δ

Pr00F tthese numbers δフJγ +グ and J′ 十ノare

the x― intercepts of the l:nes of sloop J passing

the points (0′ δ),(つリグ)and (j′ノ)・
              EIl

に ′l)

Tlニ ノ2γ■以

しや
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By Lemma 2,Iγ +グ ≦J′ 十ノand lγ +グ ≦δ。

Blow―up(⊂ aSe(lii))

rcr'"f oftz. Then

質 2

←
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h" to
7^pev- alln
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J{δ―(Iγ■グ)}′

the form of

i on a nbd
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Newton polygon (Case (iii))
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＼
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Case (iv) Let及 ≦δ≦取_1,(γ′″)=(4た′Zた ),

Jl==勇
争≡響甥考

and Jl+J2=勇
争番を選≒

・

Combining cases (ii) and (iii),
we can solve case (iv).

Let

リ

r -'1,

- (tctz , c) .

「

一
　
　

を

こ            こ

人

ギ1

super-attr, skew on a nbd.
it is i n case ( iii) .

su per-attr, rig id on a n bd.

キ

/1 iS hO10P

MoreoverP

/2 iS hOloロ

=Qz 
on a nbd + =fu=+ =Q 

on U

人

ギた
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Newton polygon (Case (iv))

q (2, w) - z7 wd + L C;izi uti

71(Z′ C) :== 7(Z′ Z:lC)/′ (Z)11 == Z′
γCグ ■ Σ C,ノZ′εノ
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S.4 Dyn on the complement

DynoffonU+Dynoffo
Dyn of f on a nbd\uf-n(U) e ??

For case (iii), we use ft1 instead of 7r2. Then i
is well-def, and dyn should be well understand-
able; dyn of f should be dominated by dyn of
i on the c-axis . c

L'" to

岱t、 .=。 )

ス

=t(ο′″)

Lilov, K. Fatou Theory in
PhD thesis, University of

Two Dimensiohs,
Michigan (2004).
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